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Lq wkh hpslulfdo prghoolqj ri ghpdqgv dqg oderxu vxsso| zh riwhq odfn
gdwd rq d ixoo vhw ri jrrgv1 Wkh xvxdo uhvsrqvh lv wr lqyrnh vhsdudelolw|
dvvxpswlrqv1 Khuh zh suhvhqw dq dowhuqdwlyh edvhg rq prghoolqj ghpdqgv
dv d ixqfwlrq ri sulfhv dqg wkh txdqwlw| ri d uhihuhqfh jrrg udwkhu wkdq
wrwdo h{shqglwxuh1 Zh whup vxfk ghpdqgv p0ghpdqgv1 Wkh dgydqwdjh ri
wklv dssurdfk lv wkdw zh pdnh pd{lpxp xvh ri wkh gdwd wr kdqg zlwk0
rxw lqyrnlqj lpsodxvleoh vhsdudelolw| dvvxpswlrqv1 Lq wkh wkhru| vhfwlrq
txdvl0Voxwvn| frqglwlrqv duh ghulyhg dqg vrph vwuxfwxudo dqg vhsdudelolw|
frqglwlrqv duh suhvhqwhg1 Zh dovr ghulyh ixqfwlrqdo irupv iru hpslulfdo
zrun1 Ilqdoo| dq hpslulfdo looxvwudlrq rq Fdqdgldq h{shqglwxuh gdwd lv
jlyhq1 Wklv looxvwudwhv erwk wkh lpsohphqwdwlrq ri wkh lghdv suhvhqwhg lq
wkh wkhru| vhfwlrq dqg wkh hpslulfdo frvwv ri qrw kdylqj d ixoo vhw ri gdwd1
Nh|zrugv= frqvxphu ghpdqgv> oderxu vxsso|> Voxwvn| frqglwlrqv1
MHO fodvvlfdwlrq= G453/ M5531
L dp h{wuhpho| judwhixo wr Eduu| Pxusk| iru h{whqvlyh glvfxvvlrqv rq wkh p0ghpdqgv dqg
dovr wr Ulfkdug Eoxqghoo/ Wrp PdFxug|/ Frvwdv Phjklu dqg sduwlflsdqwv dw d XFO vhplqdu iru
frpphqwv1
41 Lqwurgxfwlrq1
Wkh hpslulfdo vwuxfwxudo prghoolqj ri frpprglw| ghpdqgv dqg oderxu vxsso|
uhtxluhv wkh vshflfdwlrq ri wkhvh dv ixqfwlrqv ri ghprjudsklfv/ sulfhv dqg zdjhv
dqg vrph phdvxuh ri lqfrph ru zhdowk1 Wkhuh duh wzr sulqflsdo fdqglgdwhv iru wkh
odwwhu1 Rqh fkrlfh lv wrwdo h{shqglwxuh +iru ghpdqg htxdwlrqv ru cwrwdo h{shqglwxuh
plqxv hduqlqjv* iru mrlqw oderxu vxsso| dqg frpprglw| ghpdqg v|vwhpv, wr jlyh
Pduvkdooldq +ru xqfrpshqvdwhg, ghpdqgv1 Riwhq/ krzhyhu/ zh gr qrw revhuyh doo
wkh jrrgv wkdw wkh djhqw ex|v vr wkdw zh fdqqrw frqvwuxfw d phdvxuh ri wrwdo
h{shqglwxuh1 Iru h{dpsoh/ lq d qhr0fodvvlfdo prgho ri qrq0gxudeohv/ vhuylfhv dqg
gxudeohv zh qhhg wr revhuyh wkh vwrfn ri gxudeohv1 Dowhuqdwlyho|/ zh fdq frqglwlrq
rq wkh +xqrevhuydeoh, pdujlqdo xwlolw| ri prqh| +zklfk lv d prqrwrqh ixqfwlrq
ri fxuuhqwo| shufhlyhg olihwlph zhdowk, wr jlyh Iulvfk ghpdqgv +vhh/ iru h{dpsoh/
Khfnpdq +4<:7d,/ PdFxug| +4<;4, ru Eurzqlqj/ Ghdwrq dqg Lulvk +4<;8,,1 Wklv
dssurdfk kdv wkh sureohp wkdw zh qhhg sdqho gdwd rq frqvxpswlrq wr ghdo zlwk
wkh xqrevhuydelolw| ri wkh pdujlqdo xwlolw| ri h{shqglwxuh1 Lq wklv sdshu zh glvfxvv
dq dowhuqdwlyh wr wkhvh wzr ghpdqgv zklfk lv ghvljqhg wr pd{lplvh wkh suhihuhqfh
lqirupdwlrq zh fdq uhfryhu iurp dq lqfrpsohwh vhw ri h{shqglwxuh lqirupdwlrq1
Wklv lv wr prgho d vxe0vhw ri jrrgv dqg wr frqglwlrq rq wkh ohyho ri dqrwkhu
+uhihuhqfh, jrrg udwkhu wkdq wrwdo h{shqglwxuh ru wkh pdujlqdo xwlolw| ri prqh|1 Li
wkh uhihuhqfh jrrg lv qrupdo wkhq lw lv d vdwlvidfwru| phdvxuh ri xwlolw| +frqglwlrqdo
rq sulfhv,1 Wkhvh ghpdqgv fdq eh ghulyhg iurp pdujlqdo udwhv ri vxevwlwxwlrq vr
zh whup wkhp p0ghpdqgv1 Lq wklv sdshu zh suhvhqw wkh wkhruhwlfdo xqghuslqqlqjv
iru p0ghpdqgv1 Wkhvh ghpdqgv kdyh ehhq xvhg +hlwkhu h{solflwo| ru lpsolflwo|, lq
Khfnpdq +4<:7e,/ Dowrqml +4<;9,/ Phjklu dqg Zhehu +4<<9, dqg Dwwdqdvlr dqg
PdFxug| +4<<:,1 Dv zh vkdoo glvfxvv ehorz/ p0ghpdqgv duh dovr lpsolflwo| xvhg
lq fdoleudwlrq h{huflvhv iru g|qdplf jhqhudo htxloleulxp prghov1
Dq djhqw ex|v d vhw ri jrrgv4 E^c ^2c ^?c 5zlwk dvvrfldwhg pdunhw sulfhv
ERc R2c R?c o ’ ETc o1 Wkh lqyhvwljdwru revhuyhv doo wkhvh sulfhv exw rqo| re0
vhuyhv d vxevhw ri jrrgv +^c ^2c ^6c 5 zkhuh6 lv w|slfdoo| vpdoohu wkdq ?1 Wkhq
zh prgho wkh ghpdqgv iru doo exw rqh ri wkh revhuyhg jrrgv E^c ^2c ^6 dv ixqf0
wlrqv ri doo sulfhv dqg wkh ohyho ri rqh revhuyhg jrrg/ 5/ zklfk zh vkdoo uhihu wr dv
wkh uhihuhqfh jrrg1 Wkxv zh prgho ^ ’ s
 ERc R2c R?c oc 5 dqg uhihu wr wkhvh ixqf0
wlrqv dv p0ghpdqgv1 Ri frxuvh/ lq hpslulfdo zrun zh vkdoo kdyh wr wdnh dffrxqw ri
wkh srvvleoh hqgrjhqhlw| ri wkh ohyho ri wkh uhihuhqfh jrrg exw wklv udlvhv qr qhz
4Lq doo wkdw iroorzv zh frqvlghu rqo| frpprglw| ghpdqgv> wkh h{whqvlrq wr oderxu vxsso| lv
frqfhswxdoo| wulyldo +li vrphzkdw pruh dznzdug hpslulfdoo|,1
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lvvxhv vlqfh lq Pduvkdooldq ghpdqgv zh kdyh wr doorz iru wkh hqgrjhqhlw| ri wrwdo
h{shqglwxuh dqg lq Iulvfk ghpdqgv iru wkh xqrevhuydelolw| ri wkh pdujlqdo xwlolw|
ri prqh|1 Qrwh wkdw p0ghpdqgv duh yhu| glhuhqw wr wkh frqglwlrqdo Pduvkdooldq
ghpdqgv ri Sroodn +4<:9, dqg Eurzqlqj dqg Phjklu +4<<4, zklfk wdnh ghpdqgv
iru qrq0uhihuhqfh jrrgv dv ixqfwlrqv ri wkh sulfhv ri wkh qrq0uhihuhqfh jrrgv/ wr0
wdo h{shqglwxuh rq wkhvh jrrgv dqg d frqglwlrqlqj jrrg 5> wkdw lv/ frqglwlrqdo
Pduvkdooldq ghpdqgv wdnh wkh irup ^ERc R2c R?c %c 5 zkhuh % ’
S?
' R^1
Wkhuh duh d qxpehu ri dgydqwdjhv wr prghoolqj p0ghpdqgv1 Iluvw wkhuh lv
qr qhhg wr revhuyh doo txdqwlwlhv wr prgho wkh ghpdqgv iru d vxevhw ri jrrgv1 Li
zh jr wkh Pduvkdooldq urxwh wkhq zh xvxdoo| qhhg wr dvvxph vrph +lpsodxvleoh,
vhsdudelolw| wr hvwlpdwh ghpdqgv lq vxfk d vlwxdwlrq1 Zh suhvhqw wkuhh h{dpsohv1
Iluvw/ frqvlghu wkh SVLG lq zklfk zh revhuyh wzr irrg phdvxuhv +cirrg dw krph*
dqg cirrg lq uhvwdxudqwv*, dqg wzr oderxu vxssolhv +iru pduulhg frxsohv,1 Xvlqj dq
p0ghpdqg dssurdfk/ zh fdq prgho wkh wzr oderxu vxssolhv dqg irrg lq uhvwdxudqwv
dv ixqfwlrqv ri zdjhv/ wkh sulfhv ri doo jrrgv +zklfk duh sxeolfo| dydlodeoh hyhq
iru wkrvh jrrgv iru zklfk zh gr qrw revhuyh txdqwlwlhv lq wkh SVLG, dqg wkh
txdqwlw| ri irrg dw krph1 Wkh odwwhu lv fhuwdlqo| qrupdo lq dq| phdvxuh ri zhdowk
ru lqfrph zh pljkw frqvlghu vr lw lv d sulph fdqglgdwh dv d uhihuhqfh jrrg1 Dv
d vhfrqg h{dpsoh/ qrwh wkdw lq h{shqglwxuh vxuyh|v zh gr qrw xvxdoo| revhuyh
wkh vwrfn ri gxudeohv1 Vxssrvh zh zdqw wr prgho qrq0gxudeohv lq d Pduvkdooldq
v|vwhp dqg qrw dvvxph wkdw wkh| duh vhsdudeoh iurp gxudeohv1 Li zh dgrsw d xvhu0
frvw vshflfdwlrq/ zh qhhg wr lqfoxgh wkh ydoxh ri wkh vwrfn ri gxudeohv +xvlqj
wkh xvhu frvw dv sulfh, lq wrwdo h{shqglwxuh1 Lw lv suhflvho| ehfdxvh zh gr qrw
revhuyh vwrfnv ri gxudeohv wkdw wklv dyhqxh lv qrw dydlodeoh1 Lq dq p0ghpdqg
dssurdfk zh fdq prgho qrq0gxudeohv dqg frqglwlrq rq wkh sulfhv ri sulfhv/ wkh
xvhu frvw ri gxudeohv +zklfk fdq eh frqvwuxfwhg iurp revhuydeoh sulfhv dqg lqwhuhvw
udwhv, dqg wkh ohyho ri vrph jrrg wkdw doo krxvhkrogv sxufkdvh +iru h{dpsoh/ cirrg
dw krph*,1 Wkh qdo h{dpsoh lv dovr wkh prvw zlgho| xvhg= lq hpslulfdo zrun
rq lqwhuwhpsrudo doorfdwlrq zh qhyhu revhuyh wrwdo olihwlph h{shqglwxuh e| dq|
shuvrq ru krxvhkrog1 Lqvwhdg/ zh kdyh wr frqvlghu vxe0shulrgv ri wkh olihwlph1
Rqh zd| wr surfhhg lv wr frqglwlrq rq odvw shulrg*v frqvxpswlrq +wkh vr0fdoohg
*Hxohu htxdwlrq* dssurdfk,1 Wkdw lv/ dvvxplqj lqwhuwhpsrudo dgglwlylw| zh prgho
fxuuhqw frqvxpswlrq dv d ixqfwlrq ri fxuuhqw dqg odjjhg +glvfrxqwhg, sulfhv +ru
wkh uvw glhuhqfh ri wkh orj ri wkhp/ zklfk htxdov wkh uhdo lqwhuhvw udwhv, dqg
odjjhg frqvxpswlrq1 Wkxv odjjhg frqvxpswlrq lv wkh uhihuhqfh jrrg lq wkh p0
ghpdqg iru fxuuhqw frqvxpswlrq1
D vhfrqg dgydqwdjh lv wkdw/ olnh Pduvkdooldq ghpdqgv/ wkh prghoolqj ri zlwklq
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shulrg p0ghpdqgv lv urexvw wr vrph frqwuryhuvldo dvvxpswlrqv riwhq pdgh iru
lqwhuwhpsrudo doorfdwlrq1 Iru h{dpsoh/ hyhq li djhqwv duh oltxlglw| frqvwudlqhg
wkh p0ghpdqgv duh fruuhfwo| vshflhg1
Wkh wklug dgydqwdjh vwhpv iurp rxu lqwhuhvw lq hvwlpdwlqj wkh sdudphwhuv ri lq0
whuwhpsrudo doorfdwlrq1 Iru h{dpsoh/ iurp d vhw ri Iulvfk +ru b0frqvwdqw, ghpdqgv
dqg oderxu vxsso| zh fdq uhfryhu hyhu|wklqj zh qhhg wr nqrz derxw suhihuhqfhv
iru srolf| dqdo|vlv dqg g|qdplf jhqhudo htxloleulxp +GJH, prghoolqj1 Wkh sure0
ohp zlwk hvwlpdwlqj vxfk d v|vwhp lv wkdw zh kdyh qr orqj sdqho wkdw frqwdlqv
doo wkh uhtxlvlwh frqvxpswlrq lqirupdwlrq1 Wkh p0ghpdqg dssurdfk surylghv d
frkhuhqw iudphzrun iru xvlqj frqvxpswlrq dqg oderxu vxsso| lqirupdwlrq iurp
glhuhqw gdwd vrxufhv1 Iurp p0ghpdqgv hvwlpdwhg rq h{shqglwxuh vxuyh|v +zklfk
lqfoxgh oderxu vxsso| lqirupdwlrq, zh fdq uhfryhu doprvw doo ri wkh sdudphwhuv ri
lqwhuhvw> wkh rqo| plvvlqj hohphqw duh wkh sdudphwhuv iru wkh lqwhuwhpsrudo door0
fdwlrq ri wkh uhihuhqfh jrrg1 Dv lw kdsshqv zh gr kdyh d orqj sdqho +wkh SVLG,
wkdw frqwdlqv hqrxjk lqirupdwlrq wr hvwlpdwh wkhvh uhpdlqlqj sdudphwhuv zlwk0
rxw lqyrnlqj zlwklq shulrg vhsdudelolw| dvvxpswlrqv1 Wkxv wkh xvh ri p0ghpdqgv
rq furvv0vhfwlrq h{shqglwxuh vxuyh|v frqwdlqlqj lqirupdwlrq rq doo jrrgv dqg d
orqj sdqho frqwdlqlqj lqirupdwlrq rq wkh uhihuhqfh jrrg doorzv xv wr uhfryhu wkh
ixoo vhw ri lqwhuwhpsrudo sdudphwhuv1 Wkxv zh frxog hvwlpdwh wkh lqwhuwhpsrudo
vxevwlwxwlrq hodvwlflwlhv iru erwk frqvxpswlrq dqg oderxu vxsso| zklfk erwk kdyh
srwhqwldoo| lpsruwdqw lpsolfdwlrqv iru pdq| srolf| ghedwhv1
D irxuwk dgydqwdjh lv wkdw lq hpslulfdo zrun lw wxuqv rxw wr eh hdvlhu wr lq0
frusrudwh khwhurjhqhlw| lq suhihuhqfhv lq p0ghpdqgv wkdq lw lv iru Pduvkdooldq
ghpdqgv1 Ilqdoo|/ fhuwdlq wkhruhwlfdo uhvwulfwlrqv duh pruh hdvlo| vshflhg dqg
lpsrvhg iru p0ghpdqgv wkdq iru rwkhu ghpdqgv1 Zh vkdoo suhvhqw dq h{dpsoh
wdnhq iurp wkh g|qdplf jhqhudo htxloleulxp olwhudwxuh ehorz zkhq zh kdyh ghyho0
rshg wkh wkhru| vrph pruh1
Wkhuh lv dovr rqh gudzedfn wr wkh xvh ri p0ghpdqgv/ qdpho| wkdw li zh kdyh
lqfrpsohwh h{shqglwxuh gdwd zh fdqqrw uhfryhu doo ri wkh Pduvkdooldq ghpdqgv1
Qru fdq zh uhfryhu wkh jhqhudwlqj suhihuhqfhv hyhq li wkh txdvl0Voxwvn| frqglwlrqv
ghulyhg ehorz duh lpsrvhg1 Wklv lv vlpso| d frqyhuvh ri wkh idfw wkdw zh qhhg ohvv
lqirupdwlrq wr hvwlpdwh p0ghpdqgv1 Lqghhg/ p0ghpdqgv fdq eh vhhq dv d zd| ri
uhfryhulqj wkh pd{lpxp dprxqw ri lqirupdwlrq uhjduglqj suhihuhqfhv jlyhq wkdw
zh gr qrw kdyh ixoo lqirupdwlrq rq txdqwlwlhv1 Ehorz zh vkdoo dovr glvfxvv krz zh
fdq lqfrusrudwh dgglwlrqdo lqirupdwlrq rq suhihuhqfhv1 Dw suhvhqw/ lw lv dq rshq
txhvwlrq dv wr h{dfwo| krz pxfk zh fdq uhfryhu qrq0sdudphwulfdoo| ri suhihuhqfhv
iurp prghoolqj d vxevhw ri p0ghpdqgv1
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51 Ghulylqj p0ghpdqgv1
Wkhuh duh d qxpehu ri urxwhv wr wkh ghulydwlrq ri p0ghpdqgv1 Wkh uvw ri wkhvh
lv wr vlpso| zulwh grzq d v|vwhp ri p0ghpdqg ixqfwlrqv zklfk duh frqyhqlhqw
wr hvwlpdwh dqg wkhq wr lpsrvh wkh txdvl0Voxwvn| frqglwlrqv jlyhq lq wkh qh{w
vhfwlrq1 Dv zh vkdoo vhh ehorz/ wklv lv d *edfn dqg iruwk* surfhvv vlqfh wkh uvw
ghpdqgv zh zulwh grzq xvxdoo| kdyh yhu| uhvwulfwlyh irupv zkhq wkh txdvl0Voxwvn|
frqglwlrqv duh lpsrvhg dqg zh kdyh wr jr edfn dqg prgli| wkh xquhvwulfwhg irup1
D vhfrqg dssurdfk lv wr wdnh vrph zlgho| xvhg Pduvkdooldq ghpdqg v|vwhp
dqg wkhq wr lqyhuw lw rq wkh uhihuhqfh jrrg dqg vxevwlwxwh wklv lqwr wkh rwkhu
htxdwlrqv1 Vxssrvh zh kdyh wkh Pduvkdooldq v|vwhp=
^ ’ }
ETc oc %/  ’ ? +514,
5 ’ }5ETc oc %
zkhuh % lv wrwdo h{shqglwxuh rq doo E? n  jrrgv1 Vlqfh wkh uhihuhqfh jrrg lv
qrupdo zh fdq lqyhuw wkh qdo htxdwlrq wr jlyh % ’ wETc oc 5 dqg vxevwlwxwh wr
jlyh=
^ ’ }
ETc oc wETc oc 5 ’ s ETc oc 5 +515,
Dv dq h{dpsoh wkdw zh vkdoo fduu| wkurxjk wklv vhfwlrq/ frqvlghu wkh wkuhh jrrg
olqhdu h{shqglwxuh v|vwhp +OHV,5 ghulyhg iurp wkh xwlolw| ixqfwlrq=
E^c ^2c 5 ’ k  ,?E^  @ n q  ,?E^2  K n E k q  ,?E5  _ +516,
Wklv jlyhv wkh iroorzlqj Pduvkdooldq ghpdqg iru jrrg 5=
5 ’ _n
E k qE% @R  KR2  _o
o
+517,
Lqyhuwlqj rq % jlyhv=




5Wklv irup lv qrw yhu| xvhixo iru hpslulfdo zrun1 Zh vkdoo vxjjhvw ehwwhu ehorz/ exw iru qrz
wkh OHV looxvwudwhv pdq| ri wkh lvvxhv lq d vlpsoh zd|1 Lw dovr vxjjhvwv vrph vwuxfwxudo dqg
vhsdudelolw| dujxphqwv vlqfh lw uhsuhvhqwv suhihuhqfhv wkdw duh dgglwlyh dqg txdvl0krprwkhwlf1
Zh vkdoo dovr uhwxuq wr wklv ehorz1
8












E5  _ +519,
vr wkdw iru wkh OHV/ p0ghpdqgv duh dq d!qh ixqfwlrq ri wkh ohyho ri wkh uhihuhqfh
jrrg dqg duh lqghshqghqw ri wkh sulfh ri rwkhu qrq0uhihuhqfh jrrgv1 Dowkrxjk
wklv dssurdfk lv dwwudfwlyho| vlpsoh/ lw kdv wkh sureohp wkdw zh fdq rqo| qg
forvhg irup uhsuhvhqwdwlrqv iru wE iru d yhu| uhvwulfwhg vhw ri ghpdqg v|vwhpv1
Dv dq h{dpsoh/ wkh zlgho| xvhg Doprvw Lghdo v|vwhp grhv qrw ohqg lwvhoi wr wklv
dssurdfk1
Wkh wklug dssurdfk ehjlqv zlwk wkh gluhfw uhsuhvhqwdwlrq v E^c 5 dqg xvhv
wkh uvw rughu frqglwlrqv iru wkh pdujlqdo udwhv ri vxevwlwxwlrq +khqfh wkh qdph






c  ’ c 2? +51:,
Li zh vroyh wkhvh ? htxdwlrqv iru wkh txdqwlwlhv ri wkh qrq0uhihuhqfh jrrgv6 wkhq
zh kdyh p0ghpdqgv ^ ETc oc 5 zklfk duh }hur krprjhqhrxv lq ETc o1 Iru h{dpsoh/
iru wkh OHV h{dpsoh zh kdyh=
kE5  _










Vroylqj wkhvh iru E^c ^2 jlyhv wkh p0ghpdqg lq htxdwlrq lq +519,1 Wklv dssurdfk
lv vrphzkdw uhvwulfwlyh vlqfh lw lv rqo| iru sduwlfxodu irupv ri wkh xwlolw| ixqfwlrq
+vxfk dv wkh OHV, wkdw zh fdq qg forvhg irupv iru wkh ghpdqgv1 Rq wkh rwkhu
kdqg/ wkh idfw wkdw zh gr qrw vlpxowdqhrxvo| kdyh wr vroyh iru wkh exgjhw frq0
vwudlqw +zklfk kdv d glhuhqw iurp wr wkh puv htxdwlrqv, grhv pdnh wklv urxwh
pruh zlgho| dssolfdeoh wkdq lw lv iru Pduvkdooldq ghpdqgv1
Wkh wudglwlrqdo zd| wr ghulyh ghpdqgv lv wr kdyh uhfrxuvh wr cgxdo* dssurdfkhv1
Jlyhq d frvw ixqfwlrq uhsuhvhqwdwlrq iru suhihuhqfhv S ETc oc  zh fdq ghulyh Klfn0
vldq ghpdqgv ^ ETc oc  E’ S dqg 5 ETc oc  E’ So 1 Li wkh uhihuhqfh jrrg 5 lv d
6Lq wkh p0ghpdqg dssurdfk zh kdyh wr vroyh iru doo htxdwlrqv/ hyhq iru jrrgv iru zklfk zh
gr qrw revhuyh wkh txdqwlwlhv1
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qrupdo jrrg iru doo ETc oc  wkhq lw lv vwulfwo| lqfuhdvlqj lq wkh xwlolw| ohyho  vr
wkdw zh fdq lqyhuw wkh Klfnvldq ghpdqg iru wkh uhihuhqfh jrrg wr jlyh=
5 ’ SoETc oc ,  ’ S
3
o ETc oc 5 ’ ETc oc 5 +51<,
Dowkrxjk wkh ixqfwlrq  ETc oc 5 kdv vrph ri wkh surshuwlhv ri d suhihuhqfh uhs0
uhvhqwdwlrq lw lv qrw d ydolg uhsuhvhqwdwlrq lq wkh vhqvh wkdw wkhuh lv d rqh0rqh
pdsslqj iurp suhihuhqfhv wr wkhvh ixqfwlrqv1 Iru h{dpsoh/ li zh uhsodfh S ETc oc 
zlwk S ETc oc  n b ETc  +zklfk uhsuhvhqwv glhuhqw suhihuhqfhv, zh rewdlq wkh
vdph  ETc oc 5ixqfwlrq1 Li zh vxevwlwxwh iru  lqwr wkh rwkhu Klfnvldq ghpdqgv
zh kdyh wkh p0ghpdqgv=
^ ETc oc  ETc oc 5 ’ ^ ETc oc 5 +5143,
Wklv surfhgxuh lv yhu| forvh wr wkh xvxdo surfhgxuh iru ghulylqj Pduvkdooldq gh0
pdqgv iurp wkh frvw ixqfwlrq h{fhsw wkdw zh vxevwlwxwh lq wkh }0frqglwlrqdo ixqf0
wlrq  ETc oc 5 udwkhu wkdq wkh lqgluhfw xwlolw| ixqfwlrq T ETc oc %1
Wr looxvwudwh zlwk wkh OHV h{dpsoh/ qrwh wkdw wkh frvw ixqfwlrq lv jlyhq e|=












 ETc oc 5 ’ &  k *? R  q *? R2 n Ekn q *? o n *?E5  _
Vxevwlwxwlqj wklv lqwr wkh Klfnvldq ghpdqgv iru wkh rwkhu jrrgv rqfh djdlq jlyhv
wkh p0ghpdqgv suhvhqwhg lq htxdwlrq 519 deryh1
Wkxv zh kdyh ydulrxv zd|v wr ghulyh p0ghpdqgv> Pxusk| +4<<;, h{whqgv wklv
olvw wr surylgh frqglwlrqdo frvw dqg surw ixqfwlrq ghulydwlrqv1 Zklfk urxwh wr
p0ghpdqgv lv prvw xvhixo zloo lq jhqhudo ghshqg rq wkh frqwh{w dqg wkh idflolw|
ri wkh uhvhdufkhu lq kdqgolqj glhuhqw uhsuhvhqwdwlrqv1 Wr qlvk wklv vhfwlrq/ zh
suhvhqw dqrwkhu irup ri p0ghpdqgv wkdw lv pruh xvhixo lq hpslulfdo zrun1 Zkhq
prghoolqj Pduvkdooldq ghpdqgv zh doprvw dozd|v prgho exgjhw vkduhv udwkhu
wkdq ghpdqgv ru h{shqglwxuhv1 Lq wkh frqwh{w wdnhq khuh zh fdqqrw gr wklv vlqfh
zh duh dvvxplqj wkdw wrwdo h{shqglwxuh +wkh ghqrplqdwru iru exgjhw vkduhv, lv
qrw revhuyhg1 Zh fdq/ krzhyhu/ ghqh uhodwlyh vkduhv zklfk jlyh wkh h{shqglwxuhv






 ETc oc 5
o5
’  E*?Tc *? oc *? 5 +5145,
:
zkhuh zh wdnh wkh ixqfwlrq wr eh ghqhg rq orj sulfhv dqg wkh orj ri wkh uhihuhqfh
jrrg/ vlqfh wklv lv xvxdoo| pruh frqyhqlhqw iru uhodwlyh vkduhv1 Iru frpsohwhqhvv/
zh suhvhqw wkh uhodwlyh vkduhv iru wkh OHV v|vwhp hyhq wkrxjk wklv grhv qrw wdnh











Iru odwhu xvh/ lw lv xvhixo wr qrwh krz wkh ghulydwlyhv ri wkh ghpdqgv dqg wkh












































Lq wklv vhfwlrq zh ghulyh wkh Voxwvn| frqglwlrqv rq p0ghpdqgv1 Jlyhq wkh p0
ghpdqgv ^ ’ s
ETc oc 5 ru wkh uhodwlyh vkduh ixqfwlrqv / ’ 
 E*?Tc *? oc 5 zh
kdyh wkh iroorzlqj uhvwulfwlrqv71
Wkhruhp 6141 Wkh p0ghpdqgv vdwlvi| wkh iroorzlqj=
 Hdfk ^ ’ s
ETc oc 5 dqg / ’ 
 E*?Tc *? oc *? 5 lv }hur krprjhqhrxv lq
ETc o1
7Zh kdyh khuh dvvxphg glhuhqwldelolw| zkhqhyhu zh qhhg lw1 Wklv frxog eh dyrlghg e| wkh


































Surri1 Wkh krprjhqhlw| frqglwlrqv krog wulyldoo| iurp wkh pdujlqdo udwh ri
vxevwlwxwlrq ghulydwlrq ri wkh p0ghpdqgv1
Wr ghulyh wkh v|pphwu| frqglwlrq iru wkh ohyhov ri p0ghpdqgv/ wdnh wkh frvw
ixqfwlrq S ETc oc  dqg wkh qrwdwlrq ri wkh suhylrxv vhfwlrq1 Zh kdyh wkh iroorzlqj
lghqwlw|=
5  So ETc oc  ETc oc 5
Vlqfh wklv krogv lghqwlfdoo|/ zh fdq wdnh ghulydwlyhv zlwk uhvshfw wr 5/ R dqg o=
So5 ’ 
Soo n Soo ’ f
So n So ’ f +614,
Wkh p0ghpdqg iru jrrg  lv jlyhq e|=
^ ’ S ETc oc  ETc oc 5
















































Vlqfh wkh uljkw kdqg vlgh lv v|pphwulf lq Ec  vr lv wkh ohiw kdqg vlgh1 Wkxv wkh
frqglwlrq lq wkh vwdwhphqw ri wkh wkhruhp krogv1
Wr ghulyh wkh uhodwlyh vkduh uhvwulfwlrqv/ wdnh wkh ohyhov frqglwlrq dqg vxevwlwxwh
lq wkh uhodwlrqvklsv jlyhq lq +5147,
Wklv vkrzv wkdw wkhuh duh krprjhqhlw| dqg v|pphwu| uhvwulfwlrqv iru p0
ghpdqgv1 Wkh v|pphwu| frqglwlrqv ghulyhg deryh duh uhplqlvfhqw ri wkh xvxdo
Voxwvn| frqglwlrqv h{fhsw wkdw zh uhsodfh % zlwk 5 dqg ^ zlwk Y^*Yo1 Qrwh wkdw
li zh prgho d vxevhw ri wkh qrq0uhihuhqfh jrrgv wkhq wkh v|pphwu| frqglwlrqv
rqo| dsso| wr wkh jrrgv zh prgho +wkdw lv/ wkh furvv sulfh whup zlwk uhvshfw wr
wkh sulfh ri d jrrg wkdw lv qrw revhuyhg lv xquhvwulfwhg, 1 Wkhuh duh qr dgglqj0xs
uhvwulfwlrqv vlqfh zh gr qrw prgho wkh uhihuhqfh jrrg1 Pxusk| +4<<;, xvhv d frq0
glwlrqdo frvw ixqfwlrq dujxphqw wr vkrz wkdw p0ghpdqg v|vwhpv pxvw dovr vdwlvi|











c  ’ c 2c ?
lv v|pphwulf dqg qhjdwlyh vhpl0ghqlwh1 Wkh v|pphwu| frqglwlrq lv wkh vdph dv
wkh rqh jlyhq lq wkh Wkhruhp deryh1 Wkh qhjdwlylw| uhvxow lpsolhv wkdw rzq sulfh










Dq| vhw ri p0ghpdqgv pxvw vdwlvi| wkh txdvl0Voxwvn| frqglwlrqv deryh li wkh| duh
wr eh lqwhjudeoh1 Qrwh/ krzhyhu/ wkdw vrph dxwkruv frqvlghu v|vwhpv zlwk rqo| wzr
jrrg +xvxdoo| lq wkh frqwh{w ri oderxu vxsso| lq zklfk suhihuhqfhv duh ghqhg ryhu
rqh oderxu vxsso| dqg lqfrph,1 Lq wklv fdvh wkh v|pphwu| frqglwlrqv duh qxjdwru|
dqg zh kdyh rqo| wkh krprjhqhlw| dqg rzq sulfh qhjdwlylw| uhvwulfwlrqv1 D ohdglqj
h{dpsoh ri wklv lv lq fdoleudwlrq h{huflvhv iru g|qdplf jhqhudo htxloleulxp prghov
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zklfk wdnh d rqh jrrg/ rqh oderxu vxsso| prgho zlwk d uhsuhvhqwdwlyh djhqw +vhh/
iru h{dpsoh/ Kdqvhq +4<<9,,1 Ohw ^ eh ohlvxuh zlwk R dv wkh qrplqdo zdjh udwh
dqg 5 eh frqvxpswlrq zlwk sulfh o/ vr wkdw R*o ’  lv wkh uhdo zdjh1 Wkhq zh




c 5 ’ sEc 5 +618,
Lq wkh GJH olwhudwxuh lw lv frpprq wr xvh wzr orqj uxq dyhudjhv dqg rqh furvv0
vhfwlrq idfw wr ghulyh erwk wkh ixqfwlrqdo irup dqg wkh sdudphwhuv iru wkh suhi0
huhqfhv jhqhudwlqj wklv ghpdqg ixqfwlrq1 Lq eurdg whupv/ wkh wzr orqj uxq idfwv
duh wkdw ryhu wkh srvw0zdu shulrg frqvxpswlrq jurzwk dqg uhdo zdjh jurzwk duh
htxdo dqg srvlwlyh dqg oderxu vxsso| kdv uhpdlqhg frqvwdqw81 Wkdw lv=
_ *? 5 ’ _ *? : f dqg _ *? ^ ’ f +619,
Iurp htxdwlrq 618 wklv lpsolhv wkdw wkh p0ghpdqg iru ohlvxuh lv }hur krprjhqhrxv
lq Ec 5=




Xvlqj wklv dqg wkh uvw rughu frqglwlrqv/ zh kdyh=
^E^c 5
5E^c 5
’  ’ 5}3E^ +61;,
Wkh jhqhudo vroxwlrq wr wklv sduwldo glhuhqwldo htxdwlrq lv=
E^c 5 ’ 8 E5 i TE
]
}3E^_^ +61<,
Sduwlfxodu vroxwlrqv duh wkhq xvxdoo| irxqg e| lpsrvlqj ixqfwlrqdo irup uhvwulf0
wlrqv dqg xvlqj furvv0vhfwlrq lqirupdwlrq rq wkh sursruwlrq ri wlph vshqw zrunlqj1
Zh qrz looxvwudwh wkh xvh ri wkh txdvl0Voxwvn| frqglwlrqv e| frqvlghulqj wkuhh
vhwv ri suhihuhqfhv> iru vlpsolflw| zh frqvlghu rqo| wkuhh jrrg v|vwhpv +wkdw lv/ wkh
wzr jrrgv wr eh prghoohg dqg wkh uhihuhqfh jrrg,1 Iluvw/ wdnh wkh OHV p0ghpdqgv

























Wkh qh{w h{dpsoh ghulyhv iurp wkh revhuydwlrq wkdw vlqfh zh gr qrw kdyh
dq| dgglqj0xs uhvwulfwlrq wkh grxeoh0orj irup lv dq dwwudfwlyh vxjjhvwlrq +vhh
Dwwdqdvlr dqg PdFxug| +4<<9,,1 Wkxv zh kdyh +iru wkh wzr jrrg h{dpsoh, wkh
krprjhqhrxv irup=
*? ^ ’ k n E*? R  *? o n 2E*? R2  *? o n q *? 5  ’ c 2 +6143,














Wklv uhvwulfwv wkh furvv sulfh whupv wr eh }hur dqg wkh rzq sulfh whupv wr eh forvho|
uhodwhg e| wkh frh!flhqwv rq wkh uhihuhqfh jrrg1 Wkxv wkh surplvlqj grxeoh0
orj irup wxuqv rxw wr eh yhu| uhvwulfwlyh li zh zlvk wr lpsrvh wkh lqwhjudelolw|
frqglwlrqv1 Zh fdq dovr frqvlghu d uhodwlyh vkduh v|vwhp wkdw lv olqhdu lq orjv1 Lq
krprjhqhrxv irup wklv lv=
 ’ k n E*? R  *? o n 2E*? R2  *? o n q *? 5  ’ c 2 +6144,
Wkhuh duh wzr vhwv ri vroxwlrqv iru wkh txdvl0Voxwvn| uhvwulfwlrqv1 Wkh uvw vhw lv
yhu| xqdwwudfwlyh vlqfh lw kdv wkh vorsh frh!flhqwv lq wkh vhfrqg htxdwlrq ehlqj
sursruwlrqdo wr wkh vorsh frh!flhqwv lq wkh uvw htxdwlrq dqg  dv d +frpsol0
fdwhg, ixqfwlrq ri wkh rwkhu sdudphwhuv/ lqfoxglqj wkh frqvwdqw whupv1 Wkh rwkhu
vhw ri uhvwulfwlrqv duh=
2 ’ 2 dqg  n 2 n q ’ f  ’ c 2 +6145,
Lq wklv irup zh kdyh v|pphwulf furvv0sulfh whupv dqg wkh vorsh frh!flhqwv zlwklq
hdfk htxdwlrq dgglqj wr }hur1
Wkh qdo h{dpsoh zh frqvlghu lv dovr wkh prvw lpsruwdqw 0 wkh xvh ri p0
ghpdqgv lq wkh dqdo|vlv ri lqwhuwhpsrudo doorfdwlrq1 Khuh zh suhvhqw dq looxvwud0
wlrq zlwk frqvxpswlrq +S| lq shulrg |, dqg oderxu vxsso| +|,1 Ohw Iulvfk ghpdqgv
dqg vxsso| eh jlyhq e|=
S| ’ sER|c |c b| +6146,
| ’ }ER|c |c b|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zkhuh | lv wkh glvfrxqwhg zdjh lq shulrg |/ R| lv wkh glvfrxqwhg sulfh ri frqvxps0
wlrq dqg b| lv wkh pdujlqdo xwlolw| ri +glvfrxqwhg, h{shqglwxuh lq shulrg |1 Li zh
lqyhuw wkh frqvxpswlrq uhodwlrqvkls rq b| wr jlyh b| ’ &ER|c |c S| dqg vxevwlwxwh
lq wkh oderxu vxsso| htxdwlrq wkhq zh kdyh wkh p0ghpdqg=
| ’ }ER|c |c &ER|c |c S| ’ ER|c |c S| +6147,
Wkh sdudphwhuv ri E fdq eh lghqwlhg iurp furvv0vhfwlrq yduldwlrq lq uhdo zdjhv
dqg frqvxpswlrq1 Krzhyhu/ wklv grhv qrw jhqhudoo| vx!fh wr lghqwli| doo ri wkh
sdudphwhuv ri sE dqg }E lq +6146,1 Wr gr wklv zh qhhg lqwhuwhpsrudo yduldwlrq
lq sulfhv dqg zdjhv1 Xvlqj wkh frqyhqwlrqdo Hxohu htxdwlrq=
b|n ’ b| n 0|n +6148,
zkhuh 0|n lv d *vxusulvh* whup dqg vxevwlwxwlqj/ zh kdyh=
S|n ’ sER|nc |nc b|n ’ sER|nc |nc &ER|c |c S| n 0|n +6149,
Wklv lv d jhqhudo irupxodwlrq iru wkh xvxdo Hxohu htxdwlrq wkdw uhodwhv fxuuhqw frq0
vxpswlrq wr odjjhg frqvxpswlrq dqg fxuuhqw dqg odjjhg zdjhv dqg sulfhv1 Zh fdq
lghqwli| doo wkh sdudphwhuv ri sE dqg &E li zh kdyh yduldwlrq lq glvfrxqwhg sulfhv
dqg zdjhv1 Zlwk hvwlpdwhv ri +6147, wklv jlyhv doo wkh sdudphwhuv ri +6146,1 Wklv
dssurdfk wr lqwhuwhpsrudo prghoolqj idflolwdwhv wkh fkrlfh ri ixqfwlrqdo irup vr
wkdw/ iru h{dpsoh/ sE lv dgglwlyh lq b ru vr wkdw zh fdq lqfrusrudwh khwhurjhqhlw|
lq d wudfwdeoh |hw qrq0wulyldo zd|> zh vkdoo uhwxuq wr wkh odwwhu ehorz1
71 Uhodwlrqvkls zlwk rwkhu ghpdqgv1
Krz gr wkh p0ghpdqgv zh kdyh deryh uhodwh wr pruh frqyhqwlrqdo ghpdqgvB
Wr vhh wkh uhodwlrqvkls wr Pduvkdooldq +xqfrpshqvdwhg, ghpdqgv/ ghqrwh wkh
Pduvkdooldq ghpdqg ixqfwlrq iru jrrg  e| } ETc oc % +dqg vlploduo| iru 5 ’
}5 ETc oc %, zkhuh % lv wrwdo h{shqglwxuh1 Wkhq zh kdyh=
^ ’ s
 ETc oc 5 ’ s  ETc oc }5 ETc oc % ’ } ETc oc % +714,


















Iurp wkh hvwlpdwlrq ri p0ghpdqgv zh fdq uhfryhu wkh uvw whup rq wkh uljkw kdqg
vlgh ri wklv h{suhvvlrq1 Li zh revhuyh d ixoo vhw ri txdqwlwlhv wkhq zh frxog fdofxodwh
% dqg zh frxog dovr hvwlpdwh wkh vhfrqg whup exw lq wklv fdvh lw lv hdvlhu wr vlpso|
hvwlpdwh wkh xqfrpshqvdwhg ghpdqgv +wkh ohiw kdqg vlgh, gluhfwo|1 Vxssrvh wkdw
zh grq*w kdyh d ixoo vhw ri txdqwlwlhv1 Vshflfdoo|/ frqvlghu wkh xvh ri wkh SVLG
dqg wkh xvh ri cirrg dw krph* dv wkh uhihuhqfh jrrg iru cirrg lq uhvwdxudqwv* dqg
pdoh dqg ihpdoh oderxu vxsso|1 Wkh plvvlqj lqirupdwlrq lv wkhq wkh uhodwlrqvkls
ehwzhhq h{shqglwxuhv rq irrg dw krph dqg wrwdo h{shqglwxuh1 Wklv/ krzhyhu/
lv rqh ri wkh prvw wkrurxjko| lqyhvwljdwhg hpslulfdo uhodwlrqvklsv lq hfrqrplfv
dqg jlyhq wkh zhdowk ri lqirupdwlrq zh kdyh derxw wkh xqrevhuyhg irrg lqfrph
hodvwlflw| zh fdq sxw idluo| wljkw erxqgv rq sodxvleoh ydoxhv iru wklv whup dqg
khqfh erxqg wkh ohiw kdqg vlgh dv zhoo1 Iurp htxdwlrq +714, zh kdyh wkdw jrrg 













Li zh wdnh wkh uhihuhqfh jrrg wr eh *irrg dw krph* wkhq d uhdvrqdeoh ydoxh iru wkh
irrg hodvwlflw| lv derxw 317 vr wkdw jrrg  lv d ox{xu| li wkh hodvwlflw| zlwk uhvshfw
wr wkh uhihuhqfh jrrg lv deryh 5181












dqg rqfh djdlq zh pd| eh deoh wr rewdlq uholdeoh lqirupdwlrq derxw erxqgv rq
wkh xqrevhuydeoh qdo whup iurp rwkhu vrxufhv1 Iurp wklv htxdwlrq zh vhh wkdw
wkh rzq sulfh p0ghpdqg uhvsrqvh iru jrrg  lv qhjdwlyh li lw lv d qrupdo jrrg +vr
wkdw wkh ohiw kdqg vlgh lv qhjdwlyh dqg wkh uvw whup lq wkh surgxfw rq wkh uljkw
kdqg vlgh lv srvlwlyh, dqg lw lv qrw d vwurqj jurvv frpsohphqw iru wkh uhihuhqfh
jrrg +vr wkdw wkh qdo whup lq wkh surgxfw rq wkh uljkw kdqg vlgh lq qrw cwrr
qhjdwlyh*,1
Ri pruh lqwhuhvw duh wkh olqnv wr frpshqvdwhg ru Klfnvldq uhvsrqvhv vlqfh wkhvh
duh xvhg lq zhoiduh fdofxodwlrqv1 Iru h{dpsoh/ wkh frpshqvdwlqj yduldwlrq iru d
fkdqjh B lq wkh sulfh ri jrrg  lv jlyhq e|=
T ’ SERc R n Bc R?c oc  SERc Rc R?c oc 
zklfk kdv wkh frqyhqlhqw vhfrqg rughu dssur{lpdwlrq=
T ’ {SETc oc  * SETc oc {R n

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vr wkdw nqrzlqj wkh ohyhov ri ghpdqgv dqg rzq sulfh frpshqvdwhg uhvsrqvhv jlyhv
dq dssur{lpdwlrq wr wkh frpshqvdwlqj yduldwlrq1 Wr vhh krz pxfk ri wklv zh fdq
uhfryhu iurp p0ghpdqgv/ uvw qrwh wkdw wkh uhodwlrqvkls ehwzhhq p0ghpdqgv dqg
frpshqvdwhg ghpdqgv lv jlyhq e|=
^ETc oc  ’ ^ETc oc SoETc oc  +719,
zkhuh SoE lv wkh sduwldo ri wkh frvw ixqfwlrq zlwk uhvshfw wr wkh sulfh ri wkh


















Wkxv wkh p0ghpdqg rzq sulfh uhvsrqvh dqg frpshqvdwhg sulfh uhvsrqvh iru jrrg
 frlqflgh li dqg rqo| li wklv jrrg lv Klfnv lqghshqghqw ri wkh uhihuhqfh jrrg
+Y^
Yo
m ’ f ,1 Wklv zloo eh d uhdvrqdeoh dssur{lpdwlrq iru vrph ri wkh eurdg
frpprglw| jurxsv zh xvxdoo| prgho1 Iru h{dpsoh/ lw pd| qrw eh wrr xquhdvrqdeoh
wr ljqruh wkh frpshqvdwhg furvv sulfh whupv ehwzhhq/ vd|/ irrg dw krph +rxu
fdqrqlfdo uhihuhqfh jrrg, dqg forwklqj1 Rq wkh rwkhu kdqg/ wkhuh duh vrph eurdg
frpprglwlhv iru zklfk wklv zloo qrw eh wkh fdvh1 Dq reylrxv h{dpsoh lv uhvwdxudqw
h{shqglwxuhv zklfk duh vxuho| d vxevwlwxwh iru irrg dw krph1 Lq wklv fdvh xvlqj
wkh p0ghpdqg sulfh uhvsrqvh lq +718, udwkhu wkdq wkh frpshqvdwhg uhvsrqvh zloo
ohdg wr dq xqghu0hvwlpdwh ri wkh zhoiduh frvw ri d ulvh lq wkh sulfh ri uhvwdxudqw
irrg1 Wklv lv ehfdxvh wkh p0ghpdqg uhvsrqvh grhv qrw doorz iru wkh srvvlelolw|
ri vxevwlwxwlqj irrg dw krph iru uhvwdxudqw h{shqglwxuhv1 Rqfh djdlq/ lw pd|
eh srvvleoh wr xvh vxssohphqwdu| lqirupdwlrq rq frpshqvdwhg sulfh uhvsrqvhv wr
surylgh erxqgv rq wkh vhfrqg rughu dssur{lpdwlrq zhoiduh hhfw1
Zh fdq dovr shuirup vlplodu pdqlsxodwlrqv wr ghulyh Iulvfk +ru bfrqvwdqw,
uhvsrqvhv1 Ohw wkh Iulvfk ghpdqg iru wkh uhihuhqfh jrrg eh jlyhq e|=
5 ’  ETc oc b +71;,
zkhuh b lv wkh pdujlqdo xwlolw| ri prqh|1 Wkhq wkh Iulvfk ghpdqg iru jrrg  lv

















Rqfh djdlq/ zh kdyh dq xqrevhuydeoh whup rq wkh uljkw kdqg vlgh +wkh qdo ghulyd0
wlyh, exw qrz pxfk ohvv lv nqrzq derxw lw wkdq lv nqrzq derxw wkh suhylrxv
xqrevhuydeoh +wkh xqfrpshqvdwhg lqfrph hodvwlflw| iru irrg dw krph,1 Li zh duh





’ f dqg wkh p0ghpdqg uhvsrqvh lv wkh Iulvfk uhvsrqvh1 Jhqhudoo|/ krzhyhu/
wklv zloo qrw eh d uhdvrqdeoh dvvxpswlrq dqg zh qhhg wr wdnh dffrxqw ri Iulvfk
furvv hhfwv1 Krzhyhu/ li zh frqvlghu djdlq wkh xvh ri wkh SVLG dqg cirrg dw
krph* dv wkh uhihuhqfh jrrg wkhq zh duh lq dq hyhq ehwwhu srvlwlrq wkdq iru wkh
Pduvkdooldq uhvsrqvh vlqfh wkh SVLG surylghv d sdqho ri revhuydwlrqv rq cirrg dw
krph* dqg oderxu vxssolhv1 Wkxv zh fdq hvwlpdwh wkh Iulvfk uhvsrqvh iru *irrg dw
krph* hyhq li zh grq*w revhuyh wkh txdqwlwlhv ri rwkhu jrrgv1 Wklv fdq eh grqh
zlwkrxw vxssohphqwdu| +dqg lpsodxvleoh, vhsdudelolw| dvvxpswlrqv vlqfh zh qhhg
rqo| revhuyh sulfhv/ zklfk duh sxeolfo| dydlodeoh/ wr hvwlpdwh 5 ETc oc b1 Wkh odwwhu
fdq eh grqh xvlqj frqyhqwlrqdo Hxohu htxdwlrq phwkrgv1
81 Vwuxfwxuh dqg vhsdudelolw|1
Lq wklv vhfwlrq zh frqvlghu wkh hhfwv ri glhuhqw vhsdudelolw| vwuxfwxuhv rq wkh
irup ri p0ghpdqgv1 Hyhq li zh gr qrw revhuyh d ixoo vhw ri jrrgv/ lw lv vwloo srvvleoh
wr whvw iru ydulrxv vhsdudelolw| vwuxfwxuhv1 Lq wkh iroorzlqj zh frqvlghu ? jrrgv
dqg d uhihuhqfh jrrg zlwk rqo| 6 ri wkh qrq0uhihuhqfh jrrgv ehlqj revhuydeoh1
Wkh uvw vwuxfwxudo dujxphqw lv lpsruwdqw iru wkh dqdo|vlv ri lqwhuwhpsrudo
doorfdwlrq zkhuh zh riwhq dvvxph wkdw suhihuhqfhv duh dgglwlyh ryhu wlph1
Sursrvlwlrq 8141 Li suhihuhqfhv duh dgglwlyh ryhu jrrgv=














Pruhryhu/ rzq sulfh uhvsrqvhv duh qhjdwlyh1
Zkhq prghoolqj lqwhuwhpsrudo doorfdwlrq zh wdnh wkh uhihuhqfh jrrg wr eh odvw
shulrg*v frqvxpswlrq vr wkdw wklv shulrg*v frqvxpswlrq ghshqgv rqo| rq odvw
shulrg*v frqvxpswlrq dqg wkh uhodwlyh sulfh ri wkh wzr frqvxpswlrqv> wkdw lv/ wkh
uhdo lqwhuhvw udwh1
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Wkh qh{w wzr sursrvlwlrqv duh xvhixo lq wkh frqwh{w ri whvwlqj iru zhdn vhsd0
udelolw|1
Sursrvlwlrq 8151 Li suhihuhqfhv iru jrrgv E^c ^?3c 5 duh vhsdudeoh iurp jrrg
?=
E^fc ^c ^?c 5 ’ T E^?c E^c ^?3c 5
wkhq wkh p0ghpdqgv iru jrrg  9’ ? duh lqghshqghqw ri wkh ohyho dqg sulfh ri jrrg
?=
^ ’ s
ERc R?3c oc 5
Wkxv zh fdq hdvlo| whvw iru vhsdudelolw| lq wkh p0ghpdqg frqwh{w e| whvwlqj iru
h{foxvlrq uhvwulfwlrqv1 Wklv lv yhu| vlplodu wr wkh frqglwlrqdo ghpdqg whvwv iru vhs0
dudelolw| ri Eurzqlqj dqg Phjklu +4<<4, h{fhsw wkdw wkhuh txdqwlwlhv duh h{foxghg
dqg khuh zh h{foxgh sulfhv1 Zh dovr kdyh=
Sursrvlwlrq 8161 Li suhihuhqfhv ryhu wkh jrrgv E^c ^? duh vhsdudeoh iurp wkh
ohyho ri wkh uhihuhqfh jrrg=
E^c ^?c 5 ’ T E5c E^c ^?
wkhq p0ghpdqgv duh lqghshqghqw ri wkh sulfh ri wkh uhihuhqfh jrrg=
^ ’ s
ERc R?c 5
Wklv surylghv dqrwkhu vlpsoh whvw iru vhsdudelolw|1
Wkh qh{w sursrvlwlrq ghdov zlwk dqrwkhu idfhw ri vwuxfwxuh1
Sursrvlwlrq 8171 Li suhihuhqfhv duh txdvl0krprwkhwlf=
SERc R?c oc  ’ @ERc R?c o n KERc R?c o
wkhq p0ghpdqgv duh d!qh lq 5=
^ ’ k
ERc R?c o n q
ERc R?c o5
D forvho| uhodwhg uhvxow zklfk iroorzv lpphgldwho| lv wkdw li suhihuhqfhv duh kr0
prwkhwlf wkhq p0ghpdqgv duh olqhdu lq 5 +wkdw lv wkh k*v lq wkh sursrvlwlrq duh
}hur,1 Qrwh wkdw wkh frqyhuvh grhv qrw krog> wklv lv d frqvhtxhqfh ri wkh idfw wkdw
zh gr qrw revhuyh wkh ixoo vhw ri txdqwlwlhv1
4:
91 Dq hpslulfdo dssolfdwlrq1
9141 Ixqfwlrqdo irup1
Zh qrz suhvhqw dq hpslulfdo dssolfdwlrq xvlqj Fdqdgldq krxvhkrog h{shqglwxuh
gdwd1 Dv hpskdvlvhg lq wkh lqwurgxfwlrq lw lv rxu eholhi wkdw wkh sulqflsdo frq0
wh{w iru p0ghpdqgv lv lq prghoolqj mrlqwo| oderxu vxsso| dqg ghpdqgv xvlqj
frpsohphqwdu| gdwd vhwv vxfk dv wkh SVLG dqg wkh X1V1 FH[ exw wkh hpslulfdo
looxvwudwlrq suhvhqwhg khuh eulqjv rxw pdq| ri wkh lpsruwdqw prghoolqj dvshfwv1
Dv glvfxvvhg deryh/ zkhq zh hvwlpdwh Pduvkdooldq ghpdqg v|vwhpv zh xvxdoo|
prgho exgjhw vkduhv> khuh zh vkdoo prgho uhodwlyh vkduhv +wkh udwlr ri h{shqglwxuh
rq wkh jrrg wr eh prghoohg wr h{shqglwxuh rq wkh uhihuhqfh jrrg,1 Wr prwlydwh
wkh v|vwhp/ frqvlghu uvw wkh prghoolqj ri zlwklq shulrg ghpdqgv +zlwk sulfhv vhw




’ kE@ n q *?E5 n B *?E5
2 +914,
zkhuh @ lv d yhfwru ri ghprjudsklfv1 Wklv lv  h{leoh dqg yhu| hdv| wr hvwlpdwh li
zh dvvxph/ iru h{dpsoh/ wkdw ghprjudsklfv hqwhu olqhduo|=




Wklv irup dovr dgplwv ri vwudljkwiruzdug lqwhusuhwdwlrqv1 Vrph glhuhqwldwlrq














Wkxv wkh Pduvkdooldq lqfrph hodvwlflw| ri wkh jrrg ehlqj prghoohg lv juhdwhu wkdq
wkh uhihuhqfh jrrg lqfrph hodvwlflw| li dqg rqo| li q

n 2B *?E5 : f1 Ilqdoo|/
zh vkdoo vkrz ehorz wkdw wkh txdgudwlf irup vhhpv wr fdswxuh dghtxdwho| qrq0
olqhdulwlhv lq wkh uhodwlrqvkls ehwzhhq wkh qrq0uhihuhqfh jrrgv dqg wkh uhihuhqfh
jrrg1
Wr lqfrusrudwh sulfhv zh dgrsw d irup wkdw jhqhudolvhv htxdwlrq +914,1 Wkhuh









*?ERnqE*?Eo5 *?ERn BE*?Eo5 *?ER
2 +917,
4;
Wklv ixqfwlrqdo irup pdlqwdlqv wkh  h{lelolw| ri wkh zlwklq shulrg irup zklovw do0
orzlqj iru sulfh uhvsrqvhv lq dq dgglwlyh zd|1 Wkh v|vwhp lv hdv| wr hvwlpdwh vlqfh
lw lv olqhdu lq sdudphwhuv exw qrwh wkdw wkh uljkw kdqg vlgh ydulhv iurp htxdwlrq
wr htxdwlrq vr wkdw zh kdyh wr xvh v|vwhpv hvwlpdwlrq whfkqltxhv lq hvwlpdwlrq1
Ilqdoo|/ wkh txdvl0Voxwvn| uhvwulfwlrqv duh vlpsoh wr lpsrvh +qrw vxusulvlqjo|/ vlqfh












iru doo c  iru zklfk wkh jrrg lv revhuyhg+918,
Wklv v|vwhp lv uhplqlvfhqw ri wkh txdgudwlf DL Pduvkdooldq v|vwhp +TDLGV, ri
Edqnv/ Eoxqghoo dqg Ohzeho +4<<:, exw lw uhsuhvhqwv glhuhqw suhihuhqfhv1 Lw lv
dovr d jrrg ghdo hdvlhu wr hvwlpdwh vlqfh lqwhjudelolw| lq wkh TDLGV uhtxluhv wkdw
erwk wkh gh dwru iru wrwdo h{shqglwxuh dqg wkh frh!flhqwv rq wkh txdgudwlf whup
eh ixqfwlrqv ri sulfhv/ zklfk lv qrw uhtxluhg khuh1
9151 Khwhurjhqhlw|1
Lq jhqhudo zh pxvw doorz iru wkh idfw wkdw glhuhqw shrsoh zloo kdyh glhuhqw
wdvwhv1 Wkhuh duh wzr eurdg dssurdfkhv wr lqwurgxflqj khwhurjhqhlw| lqwr ghpdqg
v|vwhpv1 Wkh uvw lv wr doorz iru khwhurjhqhlw| lq d jhqhudo zd| wkdw grhv qrw
ghshqg rq wkh sduwlfxodu ixqfwlrqdo irup dqg wkh vhfrqg lv wr doorz iru lw lq d zd|
wkdw lv frqyhqlhqw iru hvwlpdwlrq ri d sduwlfxodu ixqfwlrqdo irup1 H{dpsohv ri wkh
jhqhudo dssurdfk duh jlyhq e| Khfnpdq +4<:7e, dqg Eurzq dqg Pdw}nlq +4<<:,
zkr uhvshfwlyho| doorz iru pxowlsolfdwlyh dqg dgglwlyh hhfwv rq wkh pdujlqdo udwhv
ri vxevwlwxwlrq1 Iru h{dpsoh/ iru wkh pxowlsolfdwlyh irup zh kdyh wkdw wkh puv iru











zkhuh v E^c 5 lv wkh frpprq xwlolw| ixqfwlrq dqg 0 lv d krxvhkrog wdvwh vkliwhu
iru jrrg 1 Vlqfh wkh krxvhkrog vshflf puv*v duh wkhq htxdwhg wr uhodwlyh sulfhv
wklv lpsolflwo| dprxqwv wr dvvxplqj wkdw khwhurjhqhlw| rqo| hqwhuv dv wkrxjk








Li zh iroorz wklv urxwh iru wkh v|vwhp jlyhq lq htxdwlrq 917 deryh wkhq zh kdyh=





*?ER i TE0 n qE*?Eo5 *?ER i TE0 n
BE*?Eo5 *?ER i TE0
2 +91;,
Li zh glg qrw kdyh d txdgudwlf whup wkhq wklv zrxog vlpso| uhtxluh dgglqj d
khwhurjhqhlw| whup wr hdfk htxdwlrq lq wkh xvxdo idvklrq1 Krzhyhu/ wkh suhvhqfh ri
wkh txdgudwlf whup frqvlghudeo| frpsolfdwhv pdwwhuv1 Wkxv wkh jhqhudo dssurdfk
lqwurgxfhv d whqvlrq ehwzhhq  h{lelolw| dqg doorzlqj iru khwhurjhqhlw|1 Iru wkh
dqdo|vlv xvhg khuh lw wxuqv rxw wr eh hdvlhvw wr wdloru wkh prghoolqj ri khwhurjhqhlw|
wr wkh vshflf irup fkrvhq1
Iru wkh ixqfwlrqdo irup lq htxdwlrq +917, zh lqfoxghg revhuydeoh vrxufhv ri khw0
hurjhqhlw| lq dq dgglwlyh zd| lq wkh lqwhufhsw +vhh +915, deryh,1 Zh fdq reylrxvo|
iroorz wkh vdph urxwh iru xqrevhuyhg khwhurjhqhlw|=
kE@ ’ kf n
6[
&'
k&@& n 0 +91<,
Wklv dprxqwv wr dgglqj dq huuru whup wr hdfk htxdwlrq> zh vkdoo dovr dvvxph wkdw
wklv huuru whupv fdswxuhv rwkhu vrxufhv ri vshflfdwlrq huuru vxfk dv phdvxuhphqw
huuru lq wkh ohiw kdqg vlgh yduldeoh +, dqg ixqfwlrqdo irup plvvshflfdwlrqv1
Wklv lv wkh dssurdfk zh vkdoo dgrsw lq rxu hpslulfdo zrun ehorz91 Wklv kljkoljkwv
rqh frqvlghudeoh dgydqwdjh ri wkh ixqfwlrqdo irup xvhg khuh dv djdlqvw/ vd|/ dq
Doprvw Lghdo Pduvkdooldq vshflfdwlrq1 Lq wkh odwwhu zh gh dwh wrwdo h{shqglwxuh
e| d ixqfwlrq ri sulfhv/ ghprjudsklfv dqg xqrevhuydeoh khwhurjhqhlw|1 Wklv lq0
wurgxfhv frqvlghudeoh frpsolfdwlrqv iru hvwlpdwlrq lq Pduvkdooldq v|vwhpv li zh
zlvk wr lqwurgxfh khwhurjhqhlw| lq d frkhuhqw zd| +vhh PfHour| +4<;:,/ Eurzq
dqg Zdonhu +4<;<, dqg Eoxqghoo/ Eurzqlqj dqg Fudzirug +4<<;,,1 E| frqwudvw/
lq rxu irupxodwlrq zh gh dwh wkh zhoiduh phdvxuh +@o5, e| d vlqjoh sulfh zklfk
pdnhv wklqjv pxfk vlpsohu1
Wr frpsohwh wkh khwhurjhqhlw| vshflfdwlrq zh qhhg wr vshfli| wkh vwrfkdvwlf
vwuxfwxuh1 Rqh reylrxv dvvxpswlrq wr pdnh lv wkdw frqglwlrqdo rq sulfhv/ ghpr0
judsklfv dqg wkh ohyho ri wkh uhihuhqfh jrrg/ wkh khwhurjhqhlw| whupv kdyh }hur
phdq=
.E0m@cTc 5 ’ f +9143,
9Zh frxog dovr doorz iru khwhurjhqhlw| lq wkh 
l
dqg l whupv zlwk ihz h{wud frpsolfdwlrqv
h{fhsw wkdw wklv lqgxfhv h{solflw khwhurvfhgdvwlflw| lq wkh huuru1
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Dowkrxjk h{wuhpho| frqyhqlhqw/ wklv lv lpsodxvleoh iru wkh uhihuhqfh jrrg1 Wr
looxvwudwh/ frqvlghu wkh yhu| vlpsohvw fdvh lq zklfk zh kdyh krprwkhwlf suhihuhqfhv/
qr sulfh yduldwlrq dqg dgglwlyh khwhurjhqhlw|/ vr wkdw +Pduvkdooldq, h{shqglwxuhv
duh jlyhq e|=
% ’ k% n D
%5 ’ k5% n D5 +9144,
zkhuh % lv wkh h{shqglwxuh rq jrrg  e| krxvhkrog 1 Jhqhudoo| wkhuh zloo eh
fruuhodwlrqv ehwzhhq wrwdo h{shqglwxuh dqg wkh huuru whupv gxh wr phdvxuhphqw
huuru dqg lqiuhtxhqf| ri sxufkdvh/ vr wkdw=
.EDm% 9’ f +9145,
Wklv lv wkh frqyhqwlrqdo uhdvrq iru lqvwuxphqwlqj wrwdo h{shqglwxuh lq hpslulfdo
ghpdqg dqdo|vlv1 Doprvw doo ghpdqg vwxglhv wdnh krxvhkrog lqfrph dv d ydolg
lqvwuxphqw1 Pruh lpsruwdqwo| iru rxu sxusrvhv/ wkh huuru whupv zloo dovr eh
fruuhodwhg zlwk hdfk rwkhu gxh wr dgglqj0xs dqg khwhurjhqhlw|1 Wkh dgglqj0xs




%n%5 ’ % iru doo krxvhkrogv vr wkdw vrph huuruv
kdyh wr eh qhjdwlyho| fruuhodwhg1 Dv uhjdugv khwhurjhqhlw|/ d vlpsoh h{dpsoh lv
jlyhq e| cirrg dw krph* +wkh uhihuhqfh jrrg, dqg cuhvwdxudqwv*1 Li vrph krxvhkrogv
olnh hdwlqj rxw dqg rwkhuv grq*w wkhq wkh huuru whupv rq wkhvh wzr jrrgv zloo eh
qhjdwlyho| fruuhodwhg +ryhu dqg deryh wkh fruuhodwlrq fdxvhg e| dgglqj0xs,1 Wkh
doprvw xqlyhuvdo fkrlfh ri lqfrph dv dq lqvwuxphqw lpsolflwo| dvvxphv wkdw wklv
khwhurjhqhlw| lv xqfruuhodwhg zlwk lqfrph1
Krz grhv wklv uhodwh wr khwhurjhqhlw| lq p0ghpdqgvB Wr vhh wklv/ lqyhuw rq







D5 n D +9146,
Iurp wklv zh vhh wkdw lq d vlpsoh uhjuhvvlrq ri h{shqglwxuhv rq wkh uhihuhqfh
jrrg h{shqglwxuh wkhuh duh wzr vrxufhv ri fruuhodwlrq ehwzhhq wkh uhihuhqfh jrrg
dqg wkh huuru whup1 Iluvw/ wkhuh lv wkh frqyhqwlrqdo phdvxuhphqw huuru eldv iurp
xvlqj %5 @ Ek5% n D5 udwkhu wkdq k%1 Vhfrqg/ dq| fruuhodwlrq ehwzhhq wkh
huuruv lq +9144, zloo fdxvh D wr eh fruuhodwhg zlwk %51 Dv zh kdyh vhhq/ vxfk
fruuhodwlrqv frxog dulvh iurp dgglqj0xs ru iurp khwhurjhqhlw|1 Wkxv wr ghulyh
frqvlvwhqw hvwlpdwhv ri wkh p0ghpdqgv zh kdyh wr doorz iru wkh hqgrjhqhlw| ri
wkh uhihuhqfh jrrg1 Li zh dgrsw wkh xvxdo dssurdfk/ wklv uhtxluhv wkdw zh revhuyh
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vrph phdvxuh ri krxvhkrog lqfrphv> wklv lv xvxdoo| wkh fdvh dqg lv vr iru wkh gdwd
xvhg ehorz1 Exw fdq zh uhdvrqdeo| dvvxph wkdw lqfrph lv d jrrg lqvwuxphqwB
Fhuwdlqo| lw lv fruuhodwhg zlwk wkh ohyho ri wkh uhihuhqfh jrrg +zklfk lv wdnhq wr eh
qrupdo,1 Dv zh kdyh glvfxvvhg deryh/ wkh xvxdo xvh ri lqfrph dv dq lqvwuxphqw iru
Pduvkdooldq ghpdqgv dovr ydolgdwhv lwv xvh khuh1 Wkh ixqgdphqwdo srlqw lv wkdw
wkh glvshuvlrq ri krxvhkrogv ryhu wkh vdph exgjhw vxuidfh lv dvvxphg lqghshqghqw
ri lqfrph +uhphpehu wkdw krxvhkrogv fdq kdyh glhuhqw lqfrphv hyhq li wkh| kdyh
wkh vdph wrwdo h{shqglwxuh,1 E| lqvwuxphqwlqj zh xvh rqo| yduldwlrqv ehwzhhq
exgjhw vxuidfhv wr lghqwli| wkh p0ghpdqg sdudphwhuv1 Edvhg rq wklv/ zh vkdoo xvh
lqfrph dv dq lqvwuxphqw iru wkh ohyho ri wkh uhihuhqfh jrrg lq rxu hpslulfdo dqdo|vlv
ehorz1 Dv zh vkdoo vhh/ wklv frqwh{w lv rqh lq zklfk doorzlqj iru hqgrjhqhlw| pdnhv
hqruprxv glhuhqfhv wr wkh lqihuhqfhv zh gudz1
9161 Wkh gdwd dqg uhvxowv1
Zh suhvhqw khuh dq hpslulfdo looxvwudwlrq xvlqj gdwd gudzq iurp wkh Fdqdgldq
Idplo| H{shqglwxuh Vxuyh| +IDPH[,1 Wkh vxuyh|v zh xvh duh iurp 4<:7/ 4<:;/
4<;5/ 4<;7/ 4<;9/ 4<<3 dqg 4<<51 Dv zhoo dv wkh furvv0wlph yduldwlrq lq sulfhv
wkdw wklv lqgxfhv/ zh dovr xvh wkh furvv0uhjlrq yduldwlrq lq sulfhv wkdw frphv iurp
glhuhqw lqgluhfw wd{ udwhv dqg wudqvsruw frvwv1 Vshflfdoo|/ zh frqvlghu d vdpsoh
ri vlqjoh pdohv zkr duh lq ixoo wlph zrun iru wkh zkroh ri wkh vxuyh| |hdu dqg
duh xqghu 98 |hduv ri djh1 Wkh uhdvrq iru wdnlqj vlqjohv udwkhu wkdq/ vd|/ pduulhg
frxsohv lv wkdw Eurzqlqj dqg Fkldssrul +4<<;, irxqg wkdw Voxwvn| v|pphwu| zdv
uhmhfwhg iru d vdpsoh ri pxowl0shuvrq krxvhkrogv iurp wklv gdwd vrxufh exw qrw
iru vlqjoh shuvrq krxvhkrogv1 Jlyhq wklv/ zh kdyh qr uhdvrq wr h{shfw wkdw rxu
v|pphwu| frqglwlrqv zrxog eh vdwlvhg iru pxowl0shuvrq krxvhkrogv: dqg khqfh
zh uhvwulfw dwwhqwlrq wr vlqjoh shuvrq krxvhkrogv1 Zh prgho vhyhq frpsrvlwh frp0
prglwlhv= irrg dw krph> irrg rxwvlgh wkh krph> vhuylfhv> wudqvsruw> uhfuhdwlrq>
ylfhv dqg forwklqj1 Zh wdnh cirrg dw krph* dv rxu uhihuhqfh jrrg1 Iru ghprjudsk0
lfv +wkh @ yduldeohv lq htxdwlrq +917,, zh wdnh djh/ djh vtxduhg dqg gxpplhv iru
uhjlrq ri uhvlghqfh/ ehlqj d krphrzqhu/ ehlqj d fdu rzqhu/ ehlqj d flw| gzhoohu/
kdylqj froohjh hgxfdwlrq/ kdylqj ohvv wkdq kljk vfkrro hgxfdwlrq/ ehlqj d Iuhqfk
vshdnhu dqg kdylqj qhlwkhu Iuhqfk qru Hqjolvk dv d uvw odqjxdjh1 Wkhvh duh doo
frqyhqwlrqdo frqwurov iru revhuydeoh khwhurjhqhlw| lq Fdqdgldq ghpdqg vwxglhv1
Zh uvw hvwlpdwh d v|vwhp ri vl{ htxdwlrqv iru wkh v|vwhp jlyhq lq htxdwlrq
:Dqg/ lq idfw/ wkh p0ghpdqg v|pphwu| frqglwlrqv gr qrw krog iru frxsohv1 Wkh ghulydwlrq
ri p0ghpdqgv iru froohfwlyh prghov lv ohiw wr ixwxuh zrun1
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+917, xvlqj frqyhqwlrqdo JPP whfkqltxhv1 Zh lqfoxgh wkh orj ri wkh sulfhv gh0
 dwhg e| wkh uhihuhqfh jrrg sulfh dv zhoo dv wkh orj ri wkh uhihuhqfh jrrg sulfh
lwvhoi1 Wkxv wkh w0vwdwlvwlf rq wkh odwwhu surylghv d whvw iru krprjhqhlw| lq hdfk
htxdwlrq1 Wkh lqvwuxphqwv iru wkh irrg dw krph txdqwlw| whupv +E*?Eo5 *?ER
dqg lwv vtxduh, duh wkh orj ri uhdo qhw lqfrph dqg wkh orj vtxduhg/ orj fxehg dqg
lqyhuvh ri uhdo qhw lqfrph1
Wr looxvwudwh wkh lpsruwdqfh ri doorzlqj iru wkh hqgrjhqhlw| ri irrg h{shqgl0
wxuhv zh qrwh wkdw wkh ROV uhodwlrqvkls ehwzhhq uhvwdxudqw h{shqglwxuhv dqg irrg
dw krph lv qhjdwlyh vorshg1 Wdnhq dw idfh ydoxh wklv zrxog vxjjhvw wkdw uhvwdxudqw
h{shqglwxuhv duh dq lqihulru jrrg1 Krzhyhu/ wkh pruh suredeoh fdxvh lv wkdw khuh
khwhurjhqhlw| rxwzhljkv wkh lqfrph uhodwlrq dqg zh duh vlpso| revhuylqj wkdw
krxvhkrogv wkdw vshqg pruh rq uhvwdxudqwv vshqg ohvv rq irrg dw krph1 Rqfh zh
lqvwuxphqw irrg h{shqglwxuhv zh qg d srvlwlyh uhodwlrqvkls +vhh jxuh 4,1
Zh kdyh wzr ghjuhhv ri ryhu0lghqwlfdwlrq shu htxdwlrq dqg 45 iru wkh v|v0
whp1 Wkh ryhu0lghqwli|lqj +Vdujdq, whvw vwdwlvwlf kdv d ydoxh ri 48135 zklfk kdv
suredelolw| ydoxh ri 57( xqghu wkh qxoo1 Zh dovr fkhfnhg iru rxu ixqfwlrqdo irup
e| uxqqlqj wkh v|vwhp zlwk wkh orj fxehg dqg wkh lqyhuvh ri Eo5*R rq wkh uljkw
kdqg vlgh1 Lq qr fdvh zhuh wkhvh h{wud yduldeohv cvljqlfdqw* iru dq| ri wkh vl{
jrrgv prghoohg> wkh mrlqw whvw iru wkh h{foxvlrq ri wkhvh yduldeohv iurp wkh v|vwhp
kdv d 2E2 ydoxh ri :1;1 Zh frqfoxgh wkdw wkh txdgudwlf irup lq htxdwlrq +917,
lv  h{leoh hqrxjk wr fdswxuh wkh yduldwlrq lq wkh ghpdqgv lq wkh jrrgv prghoohg1
Wkh 2E2 vwdwlvwlf iru wkh orj dqg orj vtxduhg whup lq wkh v|vwhp lv 9315 dqg iru
hyhu| jrrg wkh wzr yduldeohv duh mrlqwo| cvljqlfdqw*1
Wdeoh 4 suhvhqwv wkh sdudphwhu hvwlpdwhv iru wkh xquhvwulfwhg v|vwhp1 Wkh
rqo| wklqj wr qrwh khuh lv wkdw lq qr fdvh lv wkh orj irrg dw krph sulfh vljqlfdqw1
Wkxv krprjhqhlw| lv qrw uhmhfwhg> wr uhlqirufh wklv zh qrwh wkdw wkh v|vwhp whvw
iru krprjhqhlw| jlyhv d 2ES ydoxh ri 41<1 Lpsrvlqj krprjhqhlw|/ zh whvw iru
v|pphwu|1 Wkh 2ED ydoxh ri wkh whvw iru v|pphwu| lv 541; zklfk kdv d sured0
elolw| ri 4415( xqghu wkh qxoo> zh frqfoxgh wkdw v|pphwu| lv qrw uhmhfwhg1 Wdeoh
5 suhvhqwv wkh hvwlpdwhv zlwk krprjhqhlw| dqg v|pphwu| lpsrvhg1
Ilqdoo|/ zh frpsduh wkh w ri rxu p0ghpdqgv zlwk wkh w lpsolhg e| wkh
Txdgudwlf Doprvw Lghdo ghpdqg v|vwhp +TDLGV/ vhh Edqnv/ Eoxqghoo dqg Ohzeho
+4<<:,,1 Wklv prghov exgjhw vkduhv dv d ixqfwlrq ri ghprjudsklfv/ orj sulfhv dqg
wkh orj dqg orj vtxduhg ri *uhdo* wrwdo h{shqglwxuh1 Iurp wkh irrg dw krph exgjhw
vkduh htxdwlrq zh fdq qg wkh lpsolhg uhodwlrqvkls ehwzhhq h{shqglwxuhv rq irrg
dw krph dqg wrwdo h{shqglwxuh1 Wkhq zh fdq vxevwlwxwh wklv lqwr wkh rwkhu exgjhw
vkduhv wr jlyh wkh lpsolhg uhodwlrqvkls ehwzhhq wkh ghpdqgv iru cirrg rxwvlgh wkh
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krph*/ vhuylfhv hwf1 dqg rxu uhihuhqfh jrrg cirrg dw krph*1 Wklv w fdq wkhq
eh frpsduhg wr wkh w iurp rxu p0ghpdqg v|vwhp1 Wkhuh duh vhyhudo uhdvrqv
zk| wkh wzr wv pljkw glyhujh1 Iluvw/ wkh wzr uhsuhvhqw glhuhqw cphdq* Hqjho
fxuyhv vr wkdw lw lv lpsrvvleoh iru wkhp wr frlqflgh iru doo ydoxhv ri cirrg dw
krphc1 Vhfrqg/ wkh lqwhudfwlrqv ehwzhhq sulfh hhfwv dqg lqfrph hhfwv iru wkh
wzr v|vwhpv duh txlwh glhuhqw1 Wklug/ wkh khwhurjhqhlw| vwuxfwxuhv lpsolflw lq
wkh wzr v|vwhpv duh glhuhqw1 Ilqdoo|/ wkh vwrfkdvwlf vwuxfwxuhv lpsolflw lq xvlqj
ixqfwlrqv ri uhdo lqfrph dv lqvwuxphqwv lq wkh wzr v|vwhpv duh glhuhqw dqg duh
qrw pxwxdoo| frqvlvwhqw1 Ghvslwh wklv/ krzhyhu/ lw lv lpsruwdqw wr fkhfn zkhwkhu
wkh wzr jlyh vlplodu suhglfwlrqv1 Wkh TDLGV lv zlgho| eholhyhg wr surylgh d jrrg
w wr ghpdqg gdwd vr wkdw vljqlfdqw glyhujhqfhv iurp lw pljkw lqglfdwh vrph
sureohpv zlwk rxu p0ghpdqg hvwlpdwhv1
Lq Wdeoh 6 zh frpsduh wkh phdqv ri wkh p0ghpdqg wv dqg wkh TDLGV wv
+erwk zlwk ghprjudsklfv vhw dw wkhlu phdq, zlwk wkh phdqv ri wkh ruljlqdo gdwd1
Uhphpehu wkdw zh kdyh d vdpsoh ri vlqjoh pdohv vr wkhvh phdqv duh vrphzkdw gli0
ihuhqw iurp wkrvh iru/ vd|/ pduulhg frxsohv1 Dowkrxjk qhlwkhu wkh p0ghpdqgv qru
wkh TDLGV w wkh ohyhov ri txdqwlwlhv gluhfwo| wkh wzr vhw ri phdqv duh uhdvrqdeo|
forvh wr wkh udz gdwd phdqv1
WDEOH 6= Phdqv ri gdwd dqg wv
Udz gdwd P0ghpdqg w TDLGV w
Uhvwdxudqw 5163 51;8 5166
Vhuylfhv 5137 5174 516;
Wudqvsruw 61:8 7134 6173
Uhfuhdwlrq 5134 51<3 516<
Ylfhv 51:< 5195 41:<
Forwklqj 414< 413; 4169
Doo ydoxhv lq wkrxvdqgv ri 4<<5 grooduv1
Iru d ixuwkhu frpsdulvrq/ lq jxuhv 4 wr 9 zh judsk wkh wv ri txdqwlwlhv djdlqvw
wkh txdqwlw| ri irrg dw krph iurp rxu p0ghpdqg hvwlpdwhv +dorqj zlwk d <8(
frqghqfh lqwhuydo ghulyhg iurp wkhvh hvwlpdwhv, dqg wkh w lpsolhg e| wkh TDLGV
v|vwhp1 Vlqfh zh duh frqfhuqhg zlwk frpsdulqj wkh vkdshv ri wkh wv/ zh kdyh
dgmxvwhg wkh phdqv ri wkh wzr wv wr eh wkh vdph dv wkh phdq ri wkh ruljlqdo gdwd1
Zh kdyh dovr wuxqfdwhg wkh vxssruw ri cirrg dw krph* vlqfh wkh wdlo ehkdylrxu ri
wkh TDLGV lv vrphzkdw zlog;1 Dv fdq eh vhhq iurp wkhvh jxuhv/ iru qr jrrg lv
;Wkh wdlo ehkdylrxu ri wkh p0ghpdqgv dsshduv vxshufldoo| ehwwhu exw wklv ehfdxvh zh uhvwulfw
lw wr eh d txdgudwlf1
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wkh TDLGV w ehwzhhq wkh <8( frqghqfh erxqgv iru doo ydoxh ri irrg dw krph1
Lqghhg/ vrphwlphv wkh vkdshv ri wkh wzr wv duh txlwh glhuhqw1 Iru h{dpsoh/
wkh TDLGV cwudqvsruw* w +vhh jxuh 6, lpsolhv wkdw wudqvsruw txdqwlwlhv duh gh0
fuhdvlqj lq irrg dw krph iru ckljk irrg* shrsoh zkhuhdv lw lv xszdugv vorslqj iru
wkh p0ghpdqg w1 Vlqfh wkh TDLGV hvwlpdwhv lpso| wkdw wudqvsruw lv dq lqihulru
jrrg iru kljk lqfrph shrsoh/ wklv lv e| qr phdqv d vljq wkdw wkh p0ghpdqgv
duh czurqj*1 Qhyhuwkhohvv/ wkh glyhujhqfh ehwzhhq wkh wzr vhwv ri wv lv zruu|lqj
dqg phulwv ixuwkhu zrun1 Lq sduwlfxodu/ lw lv lpsruwdqw wr lghqwli| krz pxfk ri
wkh glhuhqfh frphv iurp wkh idfw wkh wzr v|vwhpv uhsuhvhqw glhuhqw dyhudjh
suhihuhqfhv dqg krz pxfk frphv iurp glhuhqfhv lq dx{loldu| dvvxpswlrqv1
:1 Frqfoxvlrqv1
Zh kdyh suhvhqwhg vrph wkhru| iru ghpdqgv wkdw ghshqg rq sulfhv dqg wkh txdq0
wlw| frqvxphg ri vrph rwkhu jrrg1 Zh vkrzhg wkdw hyhq li zh gr qrw revhuyh d ixoo
vhw ri txdqwlwlhv wkhuh duh vwloo frqglwlrqv wkdw hpslulfdo hvwlpdwhv kdyh wr vdwlvi|1
Wkh prvw lpsruwdqw rxwvwdqglqj lvvxh lv= krz pxfk fdq zh +qrq0sdudphwulfdoo|,
lghqwli| ri wkh xwlolw| ixqfwlrq ryhu doo jrrgv/ v E^c ^6c ^6nc ^?c 5/ iurp p0
ghpdqgv iru d vxe0vhw ri wkhp +E^c ^6,B
Zh kdyh dovr suhvhqwhg dq looxvwudwlrq ri wkh hvwlpdwlrq ri p0ghpdqgv rq
Fdqdgldq ghpdqg gdwd dqg kdyh vkrzq wkdw wkh wkhru| uhvwulfwlrqv duh qrw uh0
mhfwhg1 Rq wkh rwkhu kdqg/ rxu p0ghpdqg hvwlpdwhv lqglfdwh vljqlfdqw glyhu0
jhqfhv iurp wkh p0ghpdqgv lpsolhg e| d zlgho| xvhg exgjhw vkduh v|vwhp1 Pruh




Wdeoh 41 V lqjoh pdohv= xquhvwulfwhg hvwlpdwhv1
UH VH WU UH YL FO
LQWHUFHSW 03134 4 136 3158 03176 03 147 03146
+318<, +3 159, +3183, +3 178, +3196, +3164,
KRPH 0314< 3 177 0314: 0314; 03 146 03156
+3144, +3 139, +3143, +3 13<, +313;, +313;,
F LW\ 315; 03 13: 313< 3 149 3146 3139
+3144, +3 13:, +3144, +3 144, +313<, +313;,
FDU 0313; 3 144 41:9 3 149 03 134 3137
+3143, +3 138, +313:, +3 13<, +313:, +313:,
UHJ LRQ4 03137 3 163 315< 03138 3144 314<
+314<, +3 144, +314;, +3 14;, +3148, +3146,
UHJ LRQ5 0314: 3 146 03138 03148 03 154 03143
+3153, +3 144, +3149, +3 14;, +3147, +3148,
UHJ LRQ7 3164 3 153 3134 3 144 3154 3153
+316:, +3 154, +3166, +3 168, +315;, +315;,
UHJ LRQ8 3186 3 14; 3134 3 14; 3163 315<
+3165, +3 14:, +315;, +3 15;, +3156, +3155,
DJH 03148 03 139 03155 03163 03 147 03147
+3138, +3 136, +3137, +3 137, +3137, +3136,
DJH5 3136 3 134 313: 3 13< 3136 3137
+3137, +3 135, +3136, +3 136, +3136, +3136,
FROOHJH 3137 3 139 03143 3 156 03 158 313:
+3143, +3 138, +313<, +3 13<, +313;, +313:,
ORZHG 03165 03 159 0314; 03158 03 136 03159
+314;, +3 143, +3148, +3 14:, +3146, +3146,
IUHQFK 313: 03 144 3133 3 138 313: 3146
+314:, +3 13<, +3147, +3 14:, +3145, +3146,
RWKHUO 03179 03 14< 03156 0315; 03 167 0314<
+3146, +3 13;, +3144, +3 146, +313;, +3145,
S +UHVW, 03137 03 134 3173 0413< 04 139 04175
+4168, +3 1;5, +4166, +4 167, +4149, +4136,
S +VHUY, 0314: 4 19; 0513< 03174 417< 0318;
+5134, +3 1<<, +41;4, +4 1:<, +4194, +4169,
S +WUDQ, 3164 3 143 5165 3 13; 313; 3196
+4134, +3 189, +31<;, +3 1<5, +31:3, +31:4,
S +UHFU, 517: 03 145 31;; 3 19; 317: 03169
+41<6, +4 136, +41:<, +4 1:4, +4167, +4175,
S +YLFH, 03148 3 16; 0317; 3 195 4153 3187
+31;5, +3 17:, +31;8, +3 1;3, +31::, +318<,
S +FORWK, 03197 03 179 03167 3 185 314: 415:
+414<, +3 19;, +4138, +4 139, +31:<, +31<8,
S +IDWK, 31:4 3 145 316< 3 1;5 314< 3136
+31<8, +3 186, +31<6, +3 1;<, +31::, +319:,
TIDWK 31:6 04 15; 03198 3 1<9 41;< 031;8
+41:8, +3 1;;, +417:, +4 164, +4177, +4138,
TIDWK5 3195 4 14< 31;7 3 198 03 175 4193
+31<;, +3 189, +31;3, +3 1:;, +3188, +31:6,
Vwdqgdug huuruv jlyhq lq eudfnhwv1
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Wdeoh 51 V lqjoh pdohv= krprjhqhlw| dqg v|pphwu| lpsrvhg 1
 oohu UH VH WU UH YL FO
LQWHUFHSW 3164 4 144 3195 03149 03 159 3138
+3183, +3 156, +3177, +3 16;, +317<, +3159,
KRPH 03149 3 178 03149 03148 03 13< 03153
+3144, +3 139, +313<, +3 13<, +313:, +313;,
F LW\ 3156 03 143 3137 3 147 313< 3139
+3144, +3 139, +3144, +3 143, +313;, +313;,
FDU 0313: 3 144 41:9 3 148 03 133 3137
+3143, +3 138, +313:, +3 13;, +313:, +313:,
UHJ LRQ4 03145 3 15: 3143 03134 3139 3149
+3147, +3 13;, +3146, +3 146, +3144, +3143,
UHJ LRQ5 03156 3 147 03138 03149 03 15: 0313:
+314:, +3 13<, +3146, +3 149, +3145, +3146,
UHJ LRQ7 314: 3 14: 03138 3 143 313; 313<
+3147, +3 13<, +3146, +3 147, +313<, +3144,
UHJ LRQ8 3156 3 145 0313: 3 136 3146 3146
+314;, +3 143, +3148, +3 148, +3145, +3144,
DJH 03144 03 137 0314< 03159 03 145 03145
+3138, +3 135, +3137, +3 137, +3137, +3136,
DJH5 3133 03 134 3138 3 139 3134 3135
+3137, +3 135, +3136, +3 136, +3136, +3136,
FROOHJH 313: 3 13: 0313; 3 159 03 158 3143
+313<, +3 138, +313<, +3 13<, +313:, +313:,
ORZHG 03165 03 157 0314< 03158 03 138 03157
+314:, +3 143, +3148, +3 149, +3145, +3146,
IUHQFK 3138 03 143 03135 3 136 313; 3146
+314:, +3 13<, +3146, +3 149, +3144, +3146,
RWKHUO 03176 03 148 03153 03157 03 165 03149
+3145, +3 13;, +3144, +3 146, +313;, +3144,
S +UHVW, 31:7 3 176 3156 3 196 3163 03159
+319;, +3 173, +3163, +3 184, +3155, +315;,
S +VHUY, 3176 4 196 03159 3 137 316: 03185
+3173, +3 18;, +315:, +3 17;, +3148, +3158,
S +WUDQ, 3156 03 159 4154 3 134 3139 313<
+3163, +3 15:, +3186, +3 164, +3148, +3154,
S +UHFU, 3196 3 137 3134 0317: 31;4 03134
+3184, +3 17;, +3164, +3 1:8, +3154, +3166,
S +YLFH, 3163 3 16: 3139 3 1;4 31;4 3157
+3155, +3 148, +3148, +3 154, +3167, +3145,
S +FORWK, 03159 03 185 313< 03134 3157 31:;
+315;, +3 158, +3154, +3 166, +3145, +315:,
TIDWK 31<7 03 148 03153 03157 03 165 03149
+4178, +3 13;, +3144, +3 146, +313;, +3144,
TIDWK5 314; 03 1<7 031;9 3 1<: 51:4 031;4
+31:<, +3 1:;, +4159, +4 147, +413:, +31<7,
Vwdqgdug huuruv jlyhq lq eudfnhwv
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Uhihuhqfhv
^4 ` Dowrqml/ Mrvhsk J1 +4<;9, Lqwhuwhpsrudo Vxevwlwxwlrq lq Oderu Vxsso|= Hy0
lghqfh iurp Plfur Gdwd Mrxuqdo ri Srolwlfdo Hfrqrp|/ <7+6,/ Sduw 5/ Mxqh
4<;9/ sdjhv V4:90V5481
^5‘ Dwwdqdvlr/ Rud}lr dqg Wkrpdv PdFxug| +4<<:,/ Lqwhudfwlrqv lq idplo|
oderxu vxsso| dqg lwv lpsolfdwlrqv iru wkh lpsdfwv ri HLWF/ plphr/ Xql0
yhuvlw| Froohjh Orqgrq1
^6‘ Edqnv/ Mdphv/ Ulfkdug Eoxqghoo dqg Duwkxu Ohzeho +4<<:,/ Txdgudwlf Hqjho
Fxuyhv dqg Frqvxphu Ghpdqg Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :<+7,/
Qryhpehu 4<<:/ sdjhv 85:06<1
^7‘ Eoxqghoo/ Ulfkdug/ Pduwlq Eurzqlqj dqg Ldq Fudzirug +4<<;,/ Qrqsdudphw0
ulf Hqjho fxuyhv dqg uhyhdohg suhihuhqfh/ plphr/ Frshqkdjhq Xqlyhuvlw|1
^8‘ Eurzq/ G1M1 dqg U1 O1 Pdw}nlq +4<<:,/Hvwlpdwlrq ri qrqsdudphwulf ixqfwlrqv
lq vlpxowdqhrxv prghov zlwk dq dssolfdwlrq wr frqvxphu ghpdqg/ plphr/
Qruwkzhvwhuq Xqlyhuvlw|1
^9‘ Eurzq/ E1Z1 dqg Zdonhu/ P1E1/ +4<;<,/ Wkh udqgrp xwlolw| k|srwkhvlv dqg
lqihuhqfh lq ghpdqg v|vwhpv Hfrqrphwulfd/ 8:/ ;480;5<1
^:‘ Eurzqlqj/ Pduwlq dqg Slhuuh0Dqguh Fkldssrul +4<<;,/ H!flhqw krxvhkrog
ehkdylrxu= d fkdudfwhulvdwlrq dqg whvw/ Hfrqrphwulfd/ Qryhpehu 4<<;1
^;‘ Eurzqlqj/ Pduwlq/ Dqjxv Ghdwrq dqg Pdujduhw Lulvk +4<;8,/ D Surwdeoh
Dssurdfk wr Oderu Vxsso| dqg Frpprglw| Ghpdqgv ryhu wkh Olih0F|foh/
Hfrqrphwulfd/ 86+6,/ Pd| 4<;8/ sdjhv 8360761
^<‘ Eurzqlqj/ P1M1 dqg Phjklu/ F1 +4<<4,/ Wkh hhfwv ri pdoh dqg ihpdoh oderxu
vxsso| rq frpprglw| ghpdqgv/ Hfrqrphwulfd/ 8</ <580<841
^43‘ Khfnpdq/ Mdphv M1 +4<:7d,/ Olih F|foh Frqvxpswlrq dqg Oderu Vxsso|= Dq
H{sodqdwlrq ri wkh Uhodwlrqvkls Ehwzhhq Lqfrph dqg Frqvxpswlrq Ryhu wkh
Olih F|foh/ Dphulfdq Hfrqrplf Uhylhz/ 97+4,/ Pdufk 4<:7/ sdjhv 4;;0<71
^44‘ Khfnpdq/ Mdphv M1 +4<:7e,/ Hhfw ri Fklog0Fduh Surjudpv rq Zrphq*v
Zrun Hruw/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;5+5,/ Sduw LL/ Pdufk0Dsulo 4<:7/
sdjhv V4690V4961
5<
^45‘ PdFxug|/ Wkrpdv H1 +4<;4,/ Dq Hpslulfdo Prgho ri Oderu Vxsso| lq d Olih0
F|foh Vhwwlqj Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;<+9,/ Ghf1 4<;4/ sdjhv 438<0;81
^46‘ PfHour|/ P1 E1 +4<;:,/ Dgglwlyh Jhqhudo Huuru Prghov iru Surgxfwlrq/ Frvw
dqg Ghulyhg Ghpdqg ru Vkduh Htxdwlrqv Mrxuqdo ri Srolwlfdo Hfrqrp|/ <8/
:6:0:8:1
^47‘ Phjklu/ Frvwdv dqg JxjolhoprZhehu +4<<9,/ Lqwhuwhpsrudo Qrqvhsdudelolw|
ru Eruurzlqj UhvwulfwlrqvB D Glvdjjuhjdwh Dqdo|vlv Xvlqj d X1V1 Frqvxps0
wlrq Sdqho/ Hfrqrphwulfd/ 97+8,/ Vhswhpehu 4<<9/ sdjhv 44840;41
^48‘ Pxusk|/ I1 S1 +4<<;,/ Qrwhv rq p0ghpdqgv/ sulydwh frppxqlfdwlrq1
^49‘ Sroodn/ Urehuw D1 +4<:4,/ Frqglwlrqdo Ghpdqg Ixqfwlrqv dqg wkh Lpsol0
fdwlrqv ri Vhsdudeoh Xwlolw|/ Vrxwkhuq Hfrqrplf Mrxuqdo/ 6:+7,/ Dsulo 4<:4/
sdjhv 7560661
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